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Abstract. We prove that a crossing circle L of a fibered knot K 
bounds a disc in the complement of K, if and only if there is a 
crossing change supported on L that doesn't change the isotopy 
class of K. We also sow that if a knot K is n-adjacent to a fibered 
knot K', for some n > 1, then either the genus of K is larger that 
of K' or K is isotopic to K' . This statement leads to criteria for 
detecting non-fibered knots and it has some applications in the 
theory of finite type 3-manifold invariants. 
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1. Introduction 

An open question in classical knot theory is the question of when a 
crossing change in a knot changes the isotopy class of the knot. The 
purpose of this paper is to answer this question for fibered knots. 

A crossing disc for a knot K C S 3 is an embedded disc D C S 3 
such that K intersects int(D) twice with zero algebraic intersection 
number. A crossing change on K can be achieved by twisting D or 
equivalently by performing appropriate Dehn surgery of S 3 along the 
crossing circle 3D. The crossing is called nugatory if and only if dD 
bounds an embedded disc in the complement of K. This disc and D 
form a 2-sphere that decomposes K into a connected sum, where some 
of the summands may be trivial. Clearly, changing a nugatory crossing 
doesn't change the isotopy class of a knot. Problem 1.58 of Kirby's 
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Problem List ( |GTj ). asks whether the converse is true: That is, if a 
crossing change in a knot K yields a knot isotopic to K is the crossing 
nugatory? 

In the case that K is the trivial knot an affirmative answer follows 
from a deep result of D. Gabai ( |Ga] ) that describes the behavior of 
the Thurston norm under Dehn filling (see |ScTj ). In |Toj . I. Torisu 
obtained an affirmative answer for 2-bridge knots. He also observed 
that in general the question can be reduced to the analogous question 
for prime knots. The argument of [To] first uses the so called "Mon- 
tesinos trick" to realize the crossing change on a knot by Dehn surgery 
in the 2-fold cover of S 3 branching over the knot. The 2- fold covers of 
2-bridge knots are lens spaces and the result follows by applying the 
cyclic surgery theorem of Culler, Gordon, Luecke and Shalen ([ CGLS] ). 
In this paper we will show the following. 

Theorem 1.1. Let K be a fibered knot. A crossing change in K yields 
a knot isotopic to K if and only if the crossing is nugatory. 

The main ingredients of the proof of Theorem 11.11 are the aforemen- 
tioned result of Gabai on the Thurston norm and Dehn surgery, and a 
result of D. Kotschick about the "commutator length" of certain prod- 
ucts of Dehn twists in the mapping class group of surfaces. To give a 
brief outline of the proof, let K be a fibered knot such that a crossing 
change on K gives a knot K' that is isotopic to K. The complement 
of K can be fibered over S 1 with fiber, say S; a minimum genus Seifert 
surface of K. Roughly speaking, Gabai's result implies that the cross- 
ing change from K to K' can be achieved along an arc that is properly 
embedded on S. Equivalently, the crossing change can be achieved by 
twisting K along a meridian disc D of a handlebody neighborhood, 
say N = N(S), of the fiber. Using properties of Heegaard splittings 
and mapping class groups of handlebodies we are able to show that, in 
many cases, 3D must bound an embedded disc whose interior is dis- 
joint from K. In the remaining cases, using the uniqueness properties 
of knot complement fibrations, the problem reduces to the question of 
whether a power of a Denh twist on the surface dN along the curve 
dD, can be written as a single commutator in the mapping class group 
of the surface. In the recent years, this question has arisen in the 
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study of Lefschetz fibrations and the theory of symplectic 4-manifolds 
and has been studied in this context ( [EKoj . |BrKoj . [Koj . [KrOj). In 
particular, a result of Kotschick ( [Koj ) implies that a product of Dehn 
twists of the same sign, along a collection of disjoint, homotopically 
essential curves on an orientable surface cannot be written as a single 
commutator in the mapping class group of the surface. Using this re- 
sult, we show that the assumption that K is isotopic to K' implies that 
dD must be contractible on ON. This, in turn, easily implies that the 
crossing corresponding to D is nugatory. 

Theorem 11.11 says that an essential crossing change always changes 
the isotopy class of a fibered knot. It is natural to ask whether the 
crossing change produces a simpler or more complicated knot with re- 
spect to some knot complexity. A complexity function whose interplay 
with crossing changes has been studied using the theory of taut foli- 
ations and sutured 3-manifolds is the knot genus. For example [ScTj 
studies the interplay of link genus and Conway skein moves. Simple ex- 
amples show that a single crossing change may decrease or increase the 
genus of a knot even if one stays within the class of fibered knots. How- 
ever by replacing a crossing change by the more refined notion of knot 
adjacency studied in [KLj . we are able to derive stronger conclusions. 
To state a result in this direction, we recall that K is called 2-adjacent 
to K' if K admits a projection that contains two crossings such that 
changing any of them or both of them simultaneously, transforms K 
to K'. 

Theorem 1.2. Let g(K) and g(K') denote the genera of K and K' , 
respectively. Suppose that K' is a fibered knot and that K is 2-adjacent 
to K' . Then, either g(K) > g(K') or K is isotopic to K' . 

It is well known that the Alexander polynomial can be used to detect 
non-fibered knots. Theorem ll.2[ and its generalization given in Sec- 
tion 7, can be used to obtain criteria for detecting non-fibered knots 
when the Alexander polynomial provides inconclusive evidence. This 
direction is explored in |KLlj where we also provide applications in the 
theory of finite type invariants of 3-manifolds. 
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We organize the paper paper as follows: In Section 2 we summarize 
the mapping class group results that we need for the proof of Theorem 
11.11 In Section 3 we discuss basic facts about curves and discs in han- 
dlebodies and prove two technical lemmas that we use in subsequent 
sections. In Section 4 we summarize some well known uniqueness prop- 
erties of knot complement fibrations. Then, in Section 5 we develop 
a setting relating fibrations of knot complements and Heegaard split- 
tings of S 3 , from the point of view needed in the rest of the paper. In 
Section 6, we study nugatory crossings of fibered knots and we prove 
Theorem 11.11 in fact we prove a more general result. In Section 7 we 
study adjacency to fibered knots and prove Theorem 11.21 In Section 
8 we discuss some examples and possible generalizations of the results 
here. 

Throughout the paper we work in the PL or the smooth category. 
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2. Commutator lengths and Dehn twists 

2.1. Commutators in the mapping class group. Let denote a 
closed oriented surface of genus k and let r fc denote the mapping class 
group of Efc. That is is the group of isotopy classes of orientation 
preserving homeomorphisms — > Let T' k := [F^, T^] denote the 
commutator subgroup of Tfe. An element / G T' k is written as a product 
of commutators. The commutator length of /, denoted by c(f), is 
the minimum number of factors needed to express / as a product of 
commutators. In the recent years, the growth of the commutator length 
of Dehn twists has been studied using methods from the theory of 
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symplectic four-manifolds ( |EKoj ). [BrKo] . [Koj . |KrOj ). Here we will 
need the following result of D. Kotschick. 

Theorem 2.1. [Theorem 7, [Koj ] Let T k be the mapping class group 
of a closed oriented surface S fc of genus k > 2. Suppose that f E T k 
is a product of right-handed Dehn twists along homotopically essential 
disjoint simple closed curves ai,...,a m C If f 9 E T' k , for some 
q > 0, then we have 

c(/«)>l' qm 



18k -6 



Remark 2.2. For a single Dehn twist (m = 1) along a separating 
curve Theorem 12.11 was proved in [EKoj . The assumption that the 
curve on which the Dehn twist takes place be separating was removed 
in Theorem 12 of [BrKo] . 

Remark 2.3. It is known that the abelianization of T k is finite ( [Mac] . 
|Mu] ) . In particular, for k > 2, T k is know to be a prefect group ([Po]); 
that is, we have T k = T' k . Hence, every element f ET k can be written 
as a product of commutators and c(f) is well defined. Thus, for k > 2, 
Theorem 12.11 applies to every power of a product of right-handed Dehn 
twists along essential disjoint simple closed curves. The abelianization 
of T 2 is known to be isomorphic to the cyclic group of order 10 and it 
is generated by any Dehn twist along a non-separating simple curve on 
£2. In this case, Theorem 12.11 applies to powers divisible by 10. 

For a simple closed curve a C £& let T a denote the right hand Dehn 
twist about a; then the left hand Dehn twist about a is T~ l (compare, 
Figure 2). We will need the following corollary of Theorem 12.11 

Corollary 2.4. Let T k be the mapping class group of a closed oriented 
surface £& of genus k > 2. Let a C be a simple closed curve. 
Suppose that there exist g,h ET k such that 

T 9 = [g,h]=ghg- 1 h-\ 

for some q 7^ 0. Then c is homotopically trivial on 



Proof: First suppose that q > 0. By assumption, we have T 9 E T' k . 
If a is homotopically essential on £& then Theorem 12.11 applies to give 
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that 



C ( T * )£1+ 18*b >1 ' 



On the other hand, since T q is by assumption a simple commutator we 
have c(T^) < 1 which is a contradiction. Thus, a has to be homotopi- 
cally trivial. 

If q < then just apply the argument above to T~ q . □ 

The proof of Theorem 12.11 given in |Koj relies on the theory of Lef- 
schetz fibrations, which, as the author points out, is sensitive to the 
chirality of Dehn twists. In fact, the argument of |Koj breaks down 
if one allows / to be a product of right-handed Dehn twists and their 
inverses and, as the following example shows, Theorem 12.11 is not true 
in this case. In subsequent sections we will discuss how this situation 
is reflected when one tries to apply Theorem 12.11 to the study of cross- 
ing changes that do not alter the isotopy class of fibered knots (see 
Example E2D. 

Example 2.5. [Example 3.3, |Koj ] Suppose that a C is an essential 
simple closed loop on a closed oriented surface of genus at least two. 
Let g : — > be an orientation preserving homeomorphism such 
that a D g(a) = 0. We will also use g to denote the mapping class of 
g. Set b := g(a) and set / := T a T^ 1 . In the mapping class Tk we have 
gT a g~ l = T g ( a \ or equivalently T a = g~ x T h g. Since a, b are disjoint we 
also have T a T b _1 = T b _1 T a . Thus 

P = (T^y = TIT'' 1 = (g-'UgyT^ = [g-\TH 

for all q > 0. Hence we have c(f q ) = 1 showing that Theorem 12.11 and 
Corollary 12.41 are not true in this case. 

2.2. When is T q trivial? It is known that if a is homotopically es- 
sential on S then no non-trivial power T q (0 ^ q G Z) is isotopic to the 
identity on This statement is well known to researchers working on 
mapping class groups: It is for example asserted in |BiLM] when the 
authors state that the kernel of the reduction homomorphism corre- 
sponding to an essential simple closed curve a is the free abelian group 
generated by Dehn twists along a. Below we include a proof that uses 
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properties of intersection numbers steaming from Thurston's study of 
surface homeomorphisms ( |FLPj ). 

Corollary 2.6. Suppose that T£ = 1 in the mapping class group F : = 
r(Sjfe), k > 0. Then, either a is homotopically trivial on X or q = 0. 

Proof: Suppose that the curve a is not homotopically trivial on E 
and that = 1 in the mapping class group T(S). We will argue that 
q = 0. First suppose that a is a non-separating loop on S. Then, we 
can find an embedded loop b that intersects a exactly once. Orient a, 
b so that the algebraic intersection (see Figure 1) of a, b is 1; that is 
< a,b >= 1. In Hi(H) we have 

T%(b) = b + q < a,b > a = b + qa. 

Thus we have < Tj*(b),b >=< b,b > +q < a,b > which, since T%(b) = 
b, gives q = as desired. If a is separating, we appeal to the geometric 
intersection number. For b a simple closed loop on £ let i(a, b) denote 
the intersection number; the minimum number of intersections in the 
isotopy classes of a and b. Since we assumed that a is homotopically 
essential on S, we can find b so that i(a,b) ^ 0. Proposition 1, Expose 
4 |FLP] implies the following: 

• CZ?(&), b) = \q\ (<(o, b)f. 
Since = 1, we have = i(b, b) = i(T%(b), b). Thus we obtain 
\q\ (i(a, b)) 2 = 0; which implies that q = 0. □ 

Suppose that is the boundary of a handlebody iV& of genus 
and let denote the subgroup of consisting of those classes that 
can be represented by homeomorphisms — > that extend on N^. 
Clearly, if the loop a bounds an embedded disc D C iV& then e A*, 
since T% extends to a Dehn twist of along D. The following result 
shows that the converse is also true: 

Theorem 2.7. ([U], |Mc] ) Le£ a be a simple loop on = dN^ and 
let T a denote the right hand side Dehn twist along a. Suppose that there 
is a homeomorphism G : — > N^, such that the restriction G\Hk is 
isotopic to T%, for some q ^ (i.e. T% G Ak). Then, a bounds a disc 
in Nk- 



s 



E. KALFAGIANNI 



2.3. Commutators in the extended mapping class group. Corol- 
lary [23] is not true for elements in the extended mapping class group 
of E&; that is if one allows orientation reversing homeomorphisms of 
Efc. Below we give a simple example; John McCarthy has constructions 
of more interesting examples ([MJ) showing that a Dehn twist in the 
extended mapping class group can be written as a single commutator 
of two pseudo-Anosov homeomorphisms. 

Example 2.8. Let T c denote the right-handed Dehn twist along a sim- 
ple closed curve ccSj. Let g : E& — ► E^ be an orientation-reversing 
homeomorphism of E& such that g(c) = c. Since g is orientation- 
reversing we have gT c g~ l = T~fZy Since g(c) = c, it follows that 
gT c g~ x = T" 1 . Hence, g~ 1 T~ 1 g = T c and thus 

[T c ,g- 1 }=T c g- 1 T- 1 g = Tl 

Notation. To simplify our notation, throughout the paper, we will 
use E := Sfc to denote an oriented surface of any genus k > and 
T := T k to denote the mapping class group of S. 

3. Handlebodies and disc-busting curves 

In this section we recall some terminology and basic properties about 
handlebodies and prove some auxiliary results needed in the remaining 
of the paper. As in Section 2, E will denote a closed oriented surface. 

3.1. Preliminaries. Here, we follow the exposition in |RRj : A collec- 
tion of mutually disjoint simple closed curves x := {xi, . . . ,x n } C E 
is called a complete system iff S cut along these curves is a connected 
planar surface. A super-complete system is a collection of mutually 
disjoint simple curves x C E that contains a complete system. In the 
case of a super-complete system of curves x we will always assume that 
they are mutually non-isotopic on E. Given a super-complete system 
x C E let iV(x) denote the handlebody, with boundary E, obtained by 
attaching a collection of discs, say D, along x and then attaching 3- 
balls. The collection D is called a (super)-complete system of meridian 
discs for iV(x). 



Remark 3.1. Let x := {x±, . . . ,x n } and y := {yi, . . . ,y n } be super- 
complete systems of curves on S. We will say that x, y are equivalent 
(or they define the same handlebody structure) iff iV(x), N(y) are 
homeomorphic by a homeomorphism that is the identity on E. 

Given a super-complete system of curves x := {xi, . . . ,x n } and an 
additional simple closed curve y on £ then, after orienting £ and all 
the curves one can assign a sign to each transverse intersection point 
of y fl x using the convention of Figure 1. 



surface orientation 



positive negativ' 

FIGURE 1. Sign conventions for forming w(x,y). 

Then one can read off a cyclic word w(x, y) in the symbols x±, . . . , x n 
as follows: Transverse y in the given orientation, and for each trans- 
verse intersection point with a Xj read x^ or Xj -1 according to whether 
the intersection point is positive or negative according to the aforemen- 
tioned fixed sign convention. We have the following: 

Lemma 3.2. (Lemma 2, [RR] ) The curve y bounds a disc in the han- 
dlebody N(x) if and only if the word w(x, y) reduces to the empty word 
by cancellation; we will write w(x, y) = 1. 

We will say that an isotopy class of simple loops J C £ is disc-busting 
for a handlebody N, with S = dN, if for every meridian disc, say D, 
of N and every loop 7 representing J, the boundary 3D intersects 7. 
This means that the geometric intersection number I7 fl dD\ is at least 
two. Throughout the paper, we will call every representative 7 G J of 
a disc busting class, a disc-busting curve. 



10 



E. KALFAGIANNI 



Lemma 3.3. Suppose that S a Seifert surface of a knot K C S 3 such 
that S is incompressible in S 3 \ K . Then, K := dS x {|} is a disc- 
busting curve of the handlebody N := S x I , (I := [0, 1]). Thus, in 
particular, if S is a minimum genus Seifert surface of K then K is a 
disc-busting curve of N. 

Proof: It follows immediately from the observation that a simple 
closed curve K C £ := dN is disc-busting if and only if the surface 
E \ K is incompressible in N. □ 

Next we state a lemma that is a special case of a well known re- 
sult about incompressible surfaces in /-bundles which we will need in 
subsequent sections. The proof is given in jW]. 

Proposition 3.4. (Proposition 3.1, [Wj) Let S be a compact, con- 
nected, oriented surface with one boundary component. Let N := S x I 
be an I -bundle over S with bundle projection p : iV — > S . Let F be 
a collection of properly embedded, incompressible surfaces in N. Sup- 
pose that OF can be isotoped on dN so that it lies on 5 x {1}. Then, 
after an ambient deformation that is constant on dN, we have that 
p\F% : F% — ► S is a homeomorphism on each component F\ C F. This 
means that every component of F is parallel to S x {1}. 

3.2. Disc-busting curves and Dehn twists. In this subsection we 
prove a couple of auxiliary lemmas that we will need in subsequent 
sections to finish the proof of the main results. 

Lemma 3.5. Let S be a compact, connected, oriented surface with one 
boundary component. Consider the handlebody N =: S x I with bundle 
projection p : N — > S and the simple closed curve K := dS x {|} 
on dN. Let N" C N be a handlebody of the same genus as that of N 
and set W := N \ N" . Suppose that there exists a simple closed curve 
K" C dN" that is separating on dN" and disc-busting in N" . Suppose, 
moreover, that K" and K cobound an embedded annulus E <zW such 
that p\E : E — > p(E) is a homeomorphism, and that dN" \ K" is 
incompressible in W . Then, after a deformation that is constant on 
dN, we can arrange so that the restriction of p on each component of 
dN"\r)(K") is a homeomorphism. Here, 7}(K") is a small neighborhood 
ofK" on dN". 
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Proof: Let T)(K") be a small annulus neighborhood of K" on dN" 
and let S", S% denote the two components of dN"\r](K"). We can take 
r)(K") to be the intersection of a product neighborhood Ex [e\, €2] with 
dN". Now, for i — 1,2, we have a spanning annulus Ei := E x {ej} 
in VT, such that dEi consists of dS" and a simple closed curve that is 
parallel to K on dN. Since we assumed that p\E is a homeomorphism, 
we may assume that is a homeomorphism. The assumptions that 
dN" \ K" is incompressible in W and that K" is disc-busting in iV", 
guarantee that Fi is a properly embedded incompressible surface in N. 
The conclusion follows by applying Proposition 13.41 to the collection 
F:={F U F 2 }. □ 

In order to facilitate our exposition in the rest of the subsection we 
need the following definition. 

Definition 3.6. Let N be a handlebody and let 7 be a simple, closed, 
separating curve on E := dN that is disc-busting for N. A super- 
complete system of curves x := {x\, . . . ,x n } C E will be called admis- 
sible for 7, iff every X{ G x intersects 7 at exactly two points with zero 
algebraic intersection number. Note, that if N and 7 := K are as in 
the statement of Lemma \3.3\ then there is a super-compete system of 
curves that is admissible for 7. 

Now we state and prove the second lemma promised earlier. 

Lemma 3.7. Let N be a handlebody and let 7 be a simple, closed, 
separating curve on E := dN that is disc-busting for N. Suppose that 
there exists a super- complete system of curves x := {xi, . . . ,x n } that 
is admissible for 7 and such that N = N(x). Let z be an additional 
simple closed curve on E that intersects 7 at exactly two points with 
zero algebraic intersection number. Let T := T 2 9 : E — > E denote a 
non-trivial power (q 7^ 0) of the right handed Dehn twist along z that 
is supported in an annulus BcE. Then, one of the following is true: 

(a) The curve 7' := T{pf) is disc-busting for N . 

(b) We can find a super- complete system of curves x' that is admissi- 
ble for 7 and such that the following property holds: There exists x' G x' 
such that (x' PI 7) C B, \x' C\z\ = l and (7' C\x'\ = 0. Furthermore, for 
every x" G x' ; with x" 7^ x' , we have \x" C\B\ =0. 



12 



E. KALFAGIANNI 



Proof: We can take the annulus B to be a neighborhood of z on 
E := dN so that z is the core of B. We may and will assume the 
following: 

(i) 7:= 7 \( 7 n J B)= 7 / \(7 / n J B). 

(ii) 7 fl B consists of two arcs, say a±,a 2 , that are parallel in B and 
each of which intersects z exactly once. 

(hi) V = 7 U (ft U fo), where for % = 1, 2, & = T(a;). 




(a) (b) 

Figure 2. The annulus 5 with 2, BD'j and 5n 7 ' in the 
case that q — —1 . Part (a) shows z and 7 nS = a\ Ua^; 
part (b) also incorporates the arcs $ = T(aj), i — 1,2. 

To continue, let Si,^ denote the two components of E \ 7. Since 
7 is disc-busting in N each of Si, S2 is surface with boundary 7 that 
is incompressible in N. Let D denote a super-complete collection of 
discs of N bounded by the curves in x. The tactic of the proof will 
be to assume that 7' := T(j) is not disc-busting and show that, then, 
conclusion (b) must hold. 

Since 7' is not disc-busting, there is a simple closed curve y that 
is homotopically essential on E, bounds a disc in N and such that 
y fl 7' = 0. Among all such curves we will choose one that minimizes 
the total geometric intersection, say |x fl y\, with the curves in x. We 
distinguish two cases: 

Case 1: Suppose that \y fl x| = 0. Since 7 is disc-busting for N, y 
must intersect 7 in an essential way. By (i)-(iii) above, the intersection 
y fl B consists of a collection of arcs each of which is parallel to /3 lj2 
in B. Then, either x fl B = or the intersection x fl B consists of a 
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collection of arcs each of which is also parallel to /?i i2 in B. Suppose 
that x R B = 0; thus in particular x D z = 0. Then, clearly, z satisfies 
the hypothesis of Lemma 13.21 and thus z bounds a disc in N. Then, 
the homeomorphism T : dN — ► dN extends to a homeomorphism 
of N; namely a Dehn twist on N along this disc bounded by z. But 
then 7' := T^j) is disc busting on N; a contradiction. Thus we must 
have that x fl B 7^ 0. Let (3 denote a component of that intersection. 
Suppose (3 C (xf]B) for some x G x. As observed earlier, (3 must be 
an properly embedded arc in B that is parallel to i = 1,2. Notice 
that (3i intersects each of the arcs «i i2 at least once; thus (3 intersects 
each of «i i2 at least once. Since each curve in x intersects 7 at exactly 
two points (with zero algebraic intersection number), this case can only 
happen if (3 intersects each of «i i2 exactly once. In that case it follows 
that x H B = (3 and that the only intersections of x and 7 are those 
between (3 and 7. But since each of /?i j2 intersects z exactly once, the 
curve x' := x, satisfies the properties: (x' C B, \x' D z\ = 1 and 
1 7' PI 3/ 1 = 0. See Figure 3. 




Figure 3. The intersection xC\ B when x fl 7 C B and 
I a; fl z| = 1. 

To prove that conclusion (b) holds, in this case, we now show that for 
every Xi G x, with Xi 7^ x, we have la^H^I = 0; this will finish the proof 
of the lemma in this case. Suppose, on the contrary, that there is Xi G x, 
with Xi 7^ x, and such that |xjflz| 7^ 0. Since \xi Hx\ = , Xi fl B must 
consist of arcs parallel to (3 in B. But since x^ intersects 7 exactly twice 
there can be exactly one such arc that can, moreover, be isotoped to (3 
in B. We can isotope Xi and x on E so that their parts in the annulus 
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B are identical; that is Xi fl B = x fl B = [3. Now, 7 := (x{ \/3)\J(x\/3) 
is a closed curve on E \ 7 that is homotopically trivial in N. Since E \ 7 
is incompressible in N, 7 is homotopically trivial on E. It follows that 
Xi and x are isotopic on E which contradicts the assumption that x is a 
super-complete system of curves. This contradiction finishes the proof 
of this case. 

Case 2: Suppose that \y fl x| 7^ 0. For i — 1, . . . , n, let denote 
the disc in D bounded by x^ and let D a meridian disc of N bounded 
by y. By assumption, there is 1 < i < n, such that \x{ PI y\ ^ 0. After 
an isotopy in the interiors of the discs in D and of the interior of D 
we can arrange so that the intersection D fl D consists of a collection 
of disjoint, properly embedded arcs on D. Suppose for a moment that 
x fl B = and thus z fl x = 0. Then, by Lemma 13.21 z bounds a disc 
in iV which, as stated earlier, contradicts the assumption that 7' is not 
disc-busting. Hence, we can assume that x fl B is non-empty. Note 
that if x doesn't intersect y inside B then, x fl B must be a collection 
of arcs each of which is parallel to flip in B and we are reduced to Case 
1. Thus, from now on we may assume that x fl B is a collection of arcs 
each of which is parallel to a± t 2 in B. Then, using the fact that y was 
chosen so that \y fl x| is minimized, we will show: 

Claim: We have \y fl 7] = 2. Furthermore, for every Di G x, either 
D fl Di is empty or it consists of a single arc, say rji, so that the two 
points in yfl7 (resp. Xi ("17) lie in different components of D\r]i (resp. 
Di\rn). 

Proof of Claim: The Claim will be seen to follow from the next two 
subclaims and the fact that x fl B consists of arcs parallel to 0:^2 in B. 

Subclaim 1: Each component, say a, of A: H D ^ must separate 
the points Xi fl 7 on D^. That is the two points in Xi fl 7 lie in different 
components of Di \ a. 

Proof of Subclaim 1: Suppose, on the contrary, that there is an arc 
a C Xi fl y such that the points of Xi fl 7 lie in the same component of 
Di \ a. Then we can find such an arc a that its outermost on xf, it cuts 
off a disc E G Di whose interior is disjoint from 7 and BE = aUu>,where 
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w is an arc on X{ that is disjoint from 7 and from y. Now, a cuts y into 
arcs, say y', y" as shown in Figure 4. 




D. ; 



Figure 4. Part of the intersection A n D. 

Note that both of y', y" must intersect 7. For if one of them , say, 
y' is disjoint from 7 then the curve w U y' would bound a disc on 
dN \ 7 which, in turn, would result to an isotopy reducing |x D y\; a 
contradiction. Next, let us observe that the curve y'Uw is disjoint from 
7': Since y' C y, by assumption, y' is disjoint from 7'. Thus, the curve 
y' U w can intersect 7' only along w. Furthermore, since w fl 7 = 
and 7' agrees with 7 outside B, the arc u> can intersect 7' only inside 
5. On the other hand, since y' fl 7 7^ the intersection y' (1 B lies on 
arcs that run parallel to f3\^ in i? and intersect 7 fl i? = ai U 0:2- But 
then, since the intersection w (1 B is arcs parallel to 0^2, we conclude 
that w intersects one of y', y" inside B. But this is clearly absurd since 
w was chosen so that it contains no further intersections with y. This 
contradiction implies that the curve y' U w is disjoint from 7'. Now by 
considering a parallel copy of y'Urj on dN (compare, Lemma 1 of |RRj ) 
we obtain a simple closed curve y\ that bounds a disc in N, y fl 7' = 
and li/iflxl < |yflx|. Since this contradicts our minimality assumption 
Subclaim 1 is proved. 

Subclaim 2: If Di fl D 7^ 0, then it consists of a single arc. 

Proof of Subclaim 2: By Subclaim 1, Did D consists of a collection 
of arcs that are parallel parallel in Di and each separates the points in 
xi PI 7 on Di. If |Dj fl D\ > 1 then we can pick a pair of components 
that are innermost on x,; they cut off a a disc E C A whose interior is 
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disjoint from y and its boundary disjoint from 7. Then, arguing as in 
Subclaim 1, we can replace a suitable subdisc of D by E, to obtain a 
simple closed curve y\ with the following properties: y\ bounds a disc 
in N, yi n 7' = and \y± PI x| < |y fl x|; a contradiction. The details of 
the argument are similar to this of Subclaim 1. 

To finish the proof of the Claim it remains to show that \y Pi 7I = 2. 
For, the fact that the points in y D 7 must lie on different components 
of .D \ rji is immediate from Subclaim 1 since 7 is separating. Let Di 
such that Dj fl D 7^ 0. By Subclaim 2, |x, fl y| = 2 so the intersection 
of y with each component of X{ fl B is at most two points. We claim 
that, for some 1 < i < n, we have a component w G x^ C\ B, such that 
|w fl y\ = 1. For, otherwise y will intersect each component of x fl B 
twice geometrically and with zero algebraic number. Then using an 
outermost argument and Lemma [3^21 we would be able to reduce |xD?/| 
by isotopy of y on E; a contradiction. Now the condition \w Pi y\ — 1, 
implies that y Pi B must be an (3 that intersects each of 0:1,2 exactly 
once (see Figure 3); thus \y P 7] =2. 

Now we finish the proof of Case 2 and that of the lemma: Suppose, 
without loss of generality, that y intersects the curves x±, . . . ,x s and 
is disjoint from x s+ i, . . . ,x n . By the Claim, \y fl 7) = 2 and, for i = 
1, . . . , s, y fl Xi consists of a single arc that separates the components 
of y fl 7 (resp. Xi fl 7) on D (resp. Di). Now we apply the process 
in the proof of Lemma 1 of [RRj to obtain a super-complete system x' 
of N that contains y and x s+ i, . . . ,x n . By the intersection conditions 
imposed earlier, x' is admissible for 7 and the curve x' := y has the 
properties of (b) in the statement of the lemma. □ 

4. Uniqueness properties of knot fibrations 

Here we recall some terminology and known results about fibered 
knots. Suppose that K is a fibered knot and let 5 be a minimum 
genus Seifert surface for K. Then, as it is argued in the proof of 
Theorem 5.1 in [BZj , the complement S 3 \ K admits a fibration over 
S 1 with fiber S. More specifically, it is shown that the complement 
S 3 \K cut along 5* is homeomorphic to S x [—1, 1]. Thus, there is an 
orientation preserving homeomorphism h : S — > S such that S 3 \ K 
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is obtained from S X [—1,1] by identifying S X { — 1} with S 1 x {1} so 
that (x, —1) = (h(x), 1). The map ft, is called the monordormy of the 
fibration. Following the notation of Section 5 of [BZj . we write 

S 3 \ K = S x J/h, 

where J := [—1,1]. In particular, the proof of Theorem 5.1 of [BZ] 
shows the following: 

Lemma 4.1. Let M = S 3 \K = SxJ/h be an oriented, fibered knot 
complement. Given a minimum genus Seifert surface S% of K , there 
exists an orientation preserving homeomorphism of M that is fixed on 
K and brings S2 to the fiber S\ := S x {1} = S x { — 1}. 

We also need to recall the following. 

Proposition 4.2. [ Proposition 5.10, |BZ] ] Suppose that M := S x J/h 
and M' := S' x J/h' are fibered, oriented knot complements. Then, 
there exists an orientation preserving homeomorphism F : M — > M' , 
with F(dS) = dS' , if and only if there exists an orientation preserving 
surface homeomorphism f : (S, dS) — > (S', dS') such that fhf~ x and 
h' are equal up to isotopy on S' . 



5. Handlebodies in knot complements 

5.1. Definitions. In this section we will consider decompositions of 
knot complements that arise from Heegaard splittings of S 3 . We begin 
by recalling some familiar terminology about Heegaard splittings: A 
compression body N is an oriented 3-manifold obtained from a product 
S x [0, 1], where S is a closed, connected, oriented surface, by attaching 
2-handles along a collection of disjoint, simple closed curves on S x {1} 
and capping off the newly produced 2-sphere boundary components 
with 3-cells. Let d+N :=Ex {0} and <9_iV := dN \ d + N. If d.N = 
then iV is a handlebody. A trivial compression body is a product £ x 
[0, 1]. A compression body N can be reduced to a trivial compression 
body (or to a 3-ball if cLiV = 0) by cutting along a complete disc 
system (V,&D) C (N,d+N). 
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Definition 5.1. A Heegaard splitting of a compact, oriented 3-manifold 
M, is a decomposition M = NiUN 2 , where Ni and N 2 are compression 
bodies and Q := Ni fl N 2 = d + Ni = d + N 2 is an embedded orientable 
surface. The surface Q is called the Heegaard surface of the decompo- 
sition. 

We will be particularly interested in handlebodies of even genus. Let 
P denote a model genus k compact, connected, oriented surface with 
one boundary component. It will be convenient for us to think of the 
model oriented handlebody of genus 2k as a product N :— P x I. 

Definition 5.2. A simple closed curve K on the boundary of a 2k 
genus handlebody N 1 is called a preferred curve if there exists a home- 
omorphism Ni — ► N that takes K onto the curve dP x {|} ofdN. 

An H-bodj is a 3-manifold Hi that is homeomorphic to the comple- 
ment of a knot in a handlebody. That is given a handlebody Ni and a 
knot K C Ni, let r](K) be a tubular neighborhood of K in JVi. Then, 
Hi := Ni \ i](K) is an iJ-body. If K can be isotoped on dNi so that 
it is a preferred curve of JVi, then Hi is called a preferred iJ-body for 
K. We will use d + H x to denote the non-torus component of dH 1 . 

Definition 5.3. An HN -splitting of a knot complement M := S 3 \ K 
is a decomposition M = Hi U N 2 , where N 2 is a handlebody and Hi is 
an H-body. The closed oriented surface Q := Hi fl N 2 = d + H x = dN 2 
is called an HN -surface of M . The genus of Q is called the genus of 
the HN -splitting. 

Remark 5.4. Note that an iJTV-splitting M = Hi U N 2 of a knot 
complement M = S 3 \ K is not a Heegaard splitting of M. For, an 
if-body is not, in general, a compression body. Note, however, that 
(HiUrj(K))UN 2 is a Heegaard splitting of S 3 . Throughout the paper we 
will refer to this Heegaard splitting as the splitting of S 3 corresponding 
to Hi U N 2 . Conversely, if Ni U N 2 is a Heegaard splitting of S* 3 and 
K C intiVi is a knot, then N x \ rj(K) UN 2 is an iJiV-splitting of S 3 \K. 

Let (-N) denote with the opposite orientation and fix i an orien- 
tation reversing involution of N; we can of i as a map i : N — > (— N). 
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Given an if-body H C N with d + H = dN and an orientation pre- 
serving homeomorphism g : d+H — > dN, the quotient space 

H U g (-N) :=HU {-N)/{y ~ ig(y) \ y G <9 + tf }, 

is an oriented knot complement. Conversely, let M = H\ U N 2 be an 
if iV-splitting of a knot complement M — S 3 \K and let S 3 = N l UN 2 = 
(Hi U 7)(K)) U A^2 be the corresponding Heegaard splitting of S* 3 . For 
fc = 1, 2, we choose a homeomorphism : — > N. The image H : = 
mi(ffi) = N\mi((ri(K)) is an i7-body with H C N and <9+# = <9iV. 
The composition ^ := m 2 mj" 1 |(9 + i/ : — > dN is an orientation 
preserving homeomorphism and M = S 3 \ K is homeomorphic to the 
quotient H U 9 (-N). Now c/ : E — >■ E defines an element in the 
mapping class group T := r(E), where E := d + H = dN. As in Section 
2, we will also use g to denote the mapping class of g. 

Definition 5.5. The pair (E, g) is called an HN -model of the HN- 
splitting M = H 1 U N 2 . 

By the discussion above, obtaining an i7iV-model (E, g) of an HN- 
splitting M := S 3 \ K = Hi U N 2 involves the choice of homeomor- 
phisms m 2 : N 2 — > N and mi : Hi — > H C N so that we have a 
homeomorphism 

m : M — >■ H U g (-N), with m\Hi = m\ and m\N 2 = im 2 . (5.1) 

With this in mind, we will often work with the model of an HN- 
splitting rather than the splitting itself. 

5.2. H ^-splittings and knot fibrations. Given a knot fibration 
M := S 3 \ K = S x J/h there is a natural way to obtain an HN- 
splitting of M and an associated ifiV-model in terms of the mon- 
odromy of the fibration. We now describe this process: To begin, we 
set Ni := S x [0, 1] and N 2 := S x [-1, 0]. Also we set A := dS x (0, 1) 
and A' := dS x (-1,0). We have dNi = (S x {0}) UAU(Sx {1}). 
Similarly, we have dN 2 = (Sx {-1}) Ui'U(Sx {0}). We will assume 
that K := dSx {|} on dNi, thus K is the preferred curve of N\. Define 
g:dNi — ► dNi by 

g(x,0) = (x,0), for x E S, (5.2) 
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g(x,t) — (x,t), for x G dS and < t < 1, (5.3) 

g{x, 1) = (/i(x), 1), for x eS. (5.4) 

Consider the homeomorphism rg : dNi — > dN 2 , where r : Ni — > N 2 
is defined by (x,t) — > (x, —t). We obtain a Heegaard splitting 

S 3 = N^gN* := NiUN 2 /{y ~ ^(y) | y e 0^}, (5.5) 

such that K is a preferred curve on N\ and iV 2 . To pass to an HN- 
splitting we push K on S x {|} slightly in the interior of iVi and then 
we take A(K) to be an annulus neighborhood of K on S x {|}. If 
we remove a tubular neighborhood of K, say ^(if) := A(K) x ({|} — 
e, {|} + e), from int^-AT].) we obtain an iJiV-splitting of genus I : = 
2genus(if) for M. Let P denote the genus / model surface within the 
homeomorphism class of S. To obtain an ifiV-model for our splitting, 
we pick an orientation preserving homeomorphism m : (S, dS) — ► 
(P, dP) and define 

miiiVj — ► N, (x,t) -> (m(x),t), (5.6) 

and 

m 2 := mxr -1 : iV 2 — ► iV, (x, t) — > (m(x), — £). (5.7) 

The restriction mi|iJi sends ifi to an H-body H C N and the restric- 
tion m 2 rgm^ 1 \d + H : <9 + i/ — ► <9iV is an orientation preserving auto- 
morphism of E. Now (E, m 2 rgm{ x ) is an .ff" TV-model for M = HiUN 2 . 

Remark 5.6. Often, it will be convenient for us to abuse the con- 
ventions of (5.6)-(5.7) and take N := N x = S x [0, 1] so that N 2 is 
identified to (-N) via r _1 . Note that by the construction of the if TV- 
splitting associated to the fibration S 3 \K = S x J/h, we have a surface 
Si C S x {|} that is disjoint from the corresponding ifiV-surface. Fur- 
thermore Si and Sx {|} differ by an annulus and after the construction 
of U iV 2 we have K = dSi. Thus, we may think of this ifiV-surface 
as sitting in the original fibration S 3 \K = SxJ/h and the surface 
Si is a level surface of the fibration. 

Definition 5.7. The pair (E, g) is called the HN -model associated to 
the fibration M = S x J/h. 
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5.3. Equivalence relations for HN-mode\s. The problem of equiv- 
alences between Heegaard splittings from the point of view of models is 
formalized by Birman in (Bij. Here, we only deal with the case of Hee- 
gaard splittings of S 3 corresponding to fibrations of knot complements. 
Let K' be a fibered knot. Suppose that we have ifiV-models (E, g 2 ) and 
(£, g>i) that correspond to two fibrations of S 3 \ K'. With the conven- 
tions of Remark 15.61 we will consider the corresponding Heegaard split- 
tings of S 3 as the quotient spaces S 3 = N 1 U g2 N 2 and S 3 = NiU gi N 2 , 
respectively (see (5.5)). Let A := A(£) denote the subgroup of the 
mapping class r(<9Aq) = T(E) defined in §2.2. It will also be conve- 
nient for us to consider r _1 : A^ — ► Aq as the composition ip where 

p:N 2 —^N u (z,t) ->(z,l + t) 

i:Ni — > Ni, (x,t) -> (x, 1-t), 

where N 2 is considered with the orientation that inherits from Aq under 
p^ 1 and i is the orientation reversing involution on Aq. In this setting, 
the formalization of Theorem 1 of [Bi] translates as follows: 

Lemma 5.8. a) There is an orientation preserving homeomorphism 
f : S 3 — ► S 3 such that f(N x ) = N x and f(N 2 ) = N 2 if and only if 
there exist Fi, F 2 G A such that in T we have 

F ig2 F 2 = 9l . (5.8) 

b) There is an orientation preserving homeomorphism f : S 3 — ► S 3 
such that f(Ni) = N 2 and f(N 2 ) = Ni if and only if there exist iq, F 2 e 
A such that 

F 1 (i- 1 g 2 H)F 2 = g l} (5.9) 
where, i : Aq — > N\ is the orientation reversing involution fixed above. 

Proof: We show part (b); part (a) is similar. Assume that there 
is an orientation preserving homeomorphism / : S 3 — ► S 3 such that 
/(Aq) = N 2 and /(JV 2 ) = Aq. If we let := f\dN u i = 1,2, the 
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following diagram is commutative. 



Thus we have 



dNi 

h 



rgi 



+ dN 2 
h 



dN 2 dN± 



firgi = g 2 r fx 



(5.10) 



Now rewriting r 1 = ip, where p, i are defined before the statement of 
the lemma, we have 



9i = (»P/ 2 i) i_1 02 *(p/i)- (5-H) 
Since (ipf% i), (pfi) and i~ 1 g 2 1 i are orientation preserving homeo- 
morphisms of dNx they represent elements in T. Note, furthermore, 
that (ipf 2 l i), (pfi) extend to iV\. Thus letting F ly F 2 e A denote the 
mapping classes of (ipf 2 l i) and (pfi), respectively, we see that (5.9) is 
satisfied. Conversely, starting from (5.9) we can easily reverse (5.11), 
(5.10) to obtain fx, f 2 that can be used to define /. □ 

Next we compare if iV-splittings of a fibered knot K' under the as- 
sumption that the homeomorphism F : S 3 — > S 3 that preserves the 
-ffiV-surfaces satisfies certain technical conditions. In this case, we 
show that the model maps are conjugate to each other in the mapping 
class group. This is important for creating the suitable environment 
in which Corollary 12.41 can be utilized. We note that the relations be- 
tween the model maps given by Lemma T5.8I (a) are not enough for this 
purpose. We also note that it is important that the conjugation is in 
the mapping class group and not the extended mapping class group 
(compare, Example 12 . 8j) . 

According to the conventions adapted in Remark l5.6l the if iV-surface, 
say Q, of the splitting corresponding to a fibration M' := S 3 \K' = 
S' x J/h', is disjoint from from a level surface S[ of the fibration. To 
facilitate the exposition in the proof of the next lemma we will assume, 
without loss of generality, that S[ = S' x {|} . Now Q lifts to a sep- 
arating surface in the handlebody R' := M' \r)(S[); we will also use 
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Q to denote the lifted surface. We note that Q bounds a handlebody, 
say N', on one side in R'; this handlebody is the lift of the handlebody 
part N 2 C M' of the FiV-splitting. 

Lemma 5.9. Let M' := S 3 \ K' = S' x J/h' be an oriented fibered 
knot complement. Let (£, g') denote the H N -model associated to the 
fibration and let Q denote the H N -surf ace of the corresponding HN- 
splitting of M' . As in Remark \5.6] we will think of Q sitting in the 
fibration so that S[ = S f x {|} is disjoint from Q and we will think of N 
as S'x [0, 1]. Let (£, g") be a second HN -model of M' and letQ' denote 
the HN -surface of the corresponding HN -splitting. Let M' = Hi U N 2 
and M' = H[ U N 2 denote the HN -splittings of M' corresponding to 
Q and Q' , respectively. Suppose that we can choose homeomorphisms 
m : H \Jg< (-N) — > H x U N 2 and j : H U 9 » (-N) — > H[ U N' 2 , as in 
(5.1), so that the following are satisfied: 

(1) We have S[ C mtH[. In particular, S[ is also disjoint from Q' . 

(2) With the convention of Remark \5.b\ we have j\S[ = m\S[ = id. 

(3) If we set R' := M \ f]{S[) and also use Q and Q' to denote the 
lifts ofQ and Q' in the handlebody R' , there is an orientation preserving 
homeomorphism F : R' — > R' such that 

F(W) = W\ F(Q) = Q' and F\d# = id, (5.12) 

where W := R' \ N 2 and W' := R'\N 2 . Then, there is an orientation 
preserving homeomorphism f : S — > E such that in the mapping class 
group T = r(S) we have 

g" = fgT l . (5.13) 

Proof: We will consider R' as an interval bundle R' = S[x J, where 
J = [0, |] U [-1, 0] U [1/2, 1] and the sub-bundle pieces corresponding 
to these sub-intervals are glued together according to (5.2)-(5.5). Fur- 
thermore, we may consider N 2 as a product N 2 = S" x [—1,0] such 
that 5"' lies on S' := S' x { — |} and E := S' \ S" is a spanning annulus 
in W. Thus, for t G [—1, 0], Q intersects each fiber S' t = S' x {t} at a 
simple curve that is parallel to dS' t on S' t . 

Let F the homeomorphism given in (3) of the statement of the 
lemma. We claim that, up to an isotopy relative to dR', F can be 
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assumed to also be level-preserving; that is F(S[ x {x}) = S[ x {x}, 
for all x £ J. 

This claim that F is isotopic to a level preserving homeomorphism 
relative to dR' follows from Lemma 3.5 of [W] and in particular from 
the argument given in the proof of Case 1 of that lemma. To outline 
the argument let p : R' = S[ x J — > S[ denote the J-bundle projection 
and let F be as in (5.11). Pick D to be a complete system of vertical 
discs in R' = S[ x J; so that S[ split along the set of arcs p(D) is disc. 
Now F(D) is a collection of discs in R'. Let D be a component of D. 
By (5.12), F\dD = id and Q' fi F(D) is a simple closed curve on Q' . 
Now E' := F(D) n W is a spanning annulus in W'. Let D 1 := D\ E' . 
As in Lemma 3.4 of jWj, we may change F in D \ (D (1 Q) so that 
we have F(D) = D. Then, as in the proof of Lemma 3.5 of [W] , we 
deduce that F can be assumed to be level preserving, up to an isotopy 
relative to dR'. 

We may extend this homeomorphism F : R' — > R' to a homeomor- 
phism F : M' — > M' such that F\S[ = id. The existence of this later 
homeomorphism F implies that Q' is the ifiV-surface corresponding to 
a fibration of M' = S 3 \K' with fiber S[. Let (S, g{) denote the model 
corresponding to this H A^-splitting. Proposition 14.21 implies that there 
is an orientation preserving homeomorphism / : S — ► E so that in 
the mapping class group r(S) we have g± = fg'f^ 1 - In fact, this / 
is closely related with F: There is a fiber preserving homeomorphism 
F x : H Ugi (-N) — > H U Sl (-N), with Fx\S[ = id, and a homeomor- 
phism I : HU gi (-N) — ► M' satisfying (5.1), with l\S[ = id, such that 
the diagram 

H U gl (-N) — ^ M' 

Fi 

H U 91 (-AO — i— »■ M' 

is commutative. 

Let ji (resp. Zi) denote the restriction of j (resp. /) on H and let 
j2 (resp. I2) denote the restriction of j (resp. I) on N. Now consider 
the composition e := jl' 1 : M' = H' x U N' 2 — > M' = H[ U N' 2 . By 
condition (2) we have e(R') = R'. We have e(Q') = Q' and e\dR' = id. 
We have the following commutative diagram 
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hgil 



329" h 



■-1 



dH- 



where e% := e|if( and e 2 '■= e\N' 2 . By an argument similar to that 
applied for F earlier, after an isotopy relatively dR', we can make 
e\R' level preserving. But then, since e\dR' = id and e(Q') = Q', 
we will conclude that e\ and e 2 are isotopic to the identity in H[ and 
N 2 , respectively. In the view of the commutative diagram above, this 
implies that in T(E) we have g" = gi = fg'f- D 

Remark 5.10. The fact that ex, €2 are isotopic to the identity is very 
important here. If this is not the case then we conclude 



which a relation of the type discussed in Lemma [5.8( a). However, as 
discussed earlier, this is not enough for our purposes in this paper. 

6. Crossings changes and Dehn twists 

In this section we study the question of when a crossing change in a 
fibered knot leaves the isotopy class of the knot unaltered and we will 
prove Theorem 11.11 In fact we will work in a more general context as 
we will consider "generalized crossing changes" . 

6.1. Nugatory crossing changes in fibered knots. Let K be a 

knot in S 3 and let q E Z. A generalized crossing of order q on a pro- 
jection of K is a set C of \q\ twist crossings on two strings that inherit 
opposite orientations from any orientation of K. If K' is obtained from 
K by changing all the crossings in C simultaneously, we will say that 
K' is obtained from K by a generalized crossing change of order q (see 
Figure 5). Notice that if |g| = 1, K and K' differ by an ordinary cross- 
ing change while if q = we have K — K' . A crossing disc for K is 
an embedded disc D C S 3 such that K intersects int(D) twice with 
zero algebraic number. Performing ^--surgery on L := dD, for q G Z, 
changes K to another knot K C S 3 . Clearly K' is obtained from K 
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Figure 5. The knots K and K' differ by a generalized 
crossing change of order q = —4. 

by a generalized crossing change of order q. The boundary L := dD is 
called a crossing circle supporting the generalized crossing change. 

Definition 6.1. A generalized crossing supported on a crossing circle 
L of a knot K is called nugatory if and only if L := dD bounds an 
embedded disc in the complement of K . This disc and D form an 
embedded 2-sphere that decomposes K into a connected sum where some 
of the summands may be trivial. 

Clearly, changing a nugatory crossing doesn't change the isotopy 
class of a knot. It is an open question is whether, in general, the 
converse is true. 

Question 6.2. (Problem 1.58, [GTj ) If a crossing change in a knot 
K yields a knot isotopic to K , is the crossing nugatory? 

The answer is known to be yes in the case when K is the unknot 
( [ScT] ) and when if is a 2-bridge knot ([To]). In [To] . I. Torisu also 
reduces Question 16.21 to the analogous question for prime knots and 
he conjectures that the answer is always yes. To these we add the 
following theorem. 

Theorem 6.3. Let K be a fibered knot and let K' a knot obtained 
from K by a generalized crossing change. If K' is isotopic to K then a 
crossing circle L supporting this crossing change bounds an embedded 
disc in the complement of K . 
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An immediate consequence of Theorem 16.31 is the following corollary 
which answers Question 16.21 for fibered knots. 

Corollary 6.4. Let K be a fibered knot. A generalized crossing change 
in K yields a knot isotopic to K if and only if the crossing is nugatory. 

Clearly, Theorem 11.11 stated in the Introduction is a special case of 
Corollary 16.41 Next we recall the following theorem that was proved 
by Torisu in [Toj . 

Theorem 6.5. (Theorem 2.1, |Toj ) Let K := K 1 ^K 2 be a compos- 
ite knot and K' a knot that is obtained from K by a crossing change 
supported on a crossing circle L. If K' is isotopic to K then either L 
bounds a disc in the complement of K or the crossing change occurs 
within one of K\ and K 2 . 

Now combining Theorem 16.51 with Corollary 16.41 and the positive 
answer to Question 16.21 for 2-bridge knots mentioned earlier, we obtain 
the following corollary. 

Corollary 6.6. Let U denote the set of knots K that are 2-bridge 
knots or fibered knots or their connect sums. A crossing change in a 
knot K G U yields a knot isotopic to K if and only if the crossing is 
nugatory. 

Remark 6.7. We should point out that the arguments of [ScT] and 
|Toj go through if one replaces an ordinary crossing by a generalized 
crossing. Thus, actually, Corollary 16.61 holds if we replace ordinary 
crossings by generalized crossings. 

Remark 6.8. In the view of Theorem I6.5[ it is enough to prove The- 
orem 16.31 for prime fibered knots. However, here we will not relay on 
Theorem 16.51 as the proof we will give works for all fibered knots 

Remark 6.9. For a knot K, a crossing circle L and an integer r, let 
K(r) denote the knot obtained from K by a generalized crossing of 
order r along L. In |KL] we show that for a given K, up to isotopy in 
the complement of K, there are finitely many choices for L and r so 
that K(r) is isotopic to K. 
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6.2. Preliminaries and conventions. Let C be a generalized cross- 
ing of order q ^ of a fibered knot K. Let K' denote the knot obtained 
from K by changing C and let fbea crossing disc for C with L := dD. 
Since the linking number of L and K is zero, K is homologically trivial 
in the complement of L and thus it bounds a Seifert surface disjoint 
from L. Let S be a Seifert surface that is of minimum genus among 
all such Seifert surfaces. Since S is incompressible, after an isotopy we 
can arrange so that the closed components of S H D are homotopically 
essential in D \ K. But then each such component is parallel to L on 
D and by further isotopy of S we can arrange so that S H D is an arc 
that is properly embedded on S. The surface S gives rise to Seifert 
surfaces S and S' of K and K', respectively. We set M := S 3 \ K and 
M' := S 3 \ K'. 

Convention 1. Without loss of generality we will assume that we 
have E := S n B 3 = S' H B 3 , where B 3 is a 3-ball and E is a disc, 
disjoint from D, and such that E C\ K = E C\ K' . It is clear that S and 
S' share a common spine, say G, based at a point p E E. 

By the discussion so far, we have: 

Assumption 1: M' = S 3 \ K' is obtained from M = S 3 \ K by 
performing ^-surgery on L := dD. 

Next we restrict to fibered knots and state the assumptions that we 
have to work with from the statement of Theorem 16.31 

Assumption 2: K and K' are fibered knots that are isotopic. 

Assumptions 1 and 2, combined with Corollary 2.4 of [Gaj . give that 
S and S' are minimum genus Seifert surfaces of K and K', respectively. 
Thus, in our setting, we may and will assume the following: 

Assumption 3: S and S' are minimum genus Seifert surfaces, for 
K and K', respectively. 

With the notation of Section 4, there is a fibration M := S x J/h 
with monodromy h : S — > S. As in §5.1, let P denote the model 
surface within the homeomorphism class of S and 5", and let iV : = 
P x [0, 1] and E := dN. Choose a homeomorphism m : S — > P, 
as in (5.5)-(5.6), to obtain an ifiV-model corresponding to the 

fibration of M. 
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Convention 2. From now on we will work with this fixed model 
(E, g) for M = S 3 \ K. Throughout the section, we will abuse the 
conventions as discussed in Remark 15.61 We will think of iV as an 
/-bundle S x I, I ■= [0, 1]. We will assume that the crossing disc D 
is a meridian disc of N that is vertical with respect to the /-bundle 
structure of iV: We have a properly embedded arc A' on S so that 
D = X' x /. Thus L := 3D consists of two copies of A' and two vertical 
arcs on dS x /. By (5.2)-(5.4), g(L) and L are identical everywhere on 
E except on the top level surface Si := S x {1} where 

/ n 5i = Ai := A' x {1} and g{L) n S x = g(Xi). (6.1) 

Each of Assumptions 1 and 2 provides a way to construct an HN- 
model for M' := S 3 \ K' out of the fixed model (S,g) of M; this is 
done next. 

6.3. Construction of two i/iV-models for M'. Let r : iV — ► 

denote the right-handed Dehn twist of N along the meridional disc 
D and let Tl '■= t|E, where L = dD. We have r~ q (S) = S' and 
r- q (K) = K'. Recall that (E,g) is the HN-modei of M = S 3 \ K 
corresponding to the fibration M = S x J/h and that M' := S 3 \ K' 
is obtained from M by ^-surgery on L. The first construction of an 
HN-model for M' is based on that information. The proof of Lemma 
16.101 follows the well known process of passing between gluing maps of 
Heegaard splittings and Dehn surgeries of 3-manifolds (compare, for 
example, pp. 86-87 of [AMJ). 

With the conventions of Remark ESI will think of the Heegaard split- 
ting of S 3 corresponding to the fibration M = S x J/h as the quotient 

N U g (-iV) := NU(-N)/{y ~ ig(y), \ y G E}, (6.2) 
where % is the involution defined in §5.3. 

Lemma 6.10. (E, gT L q ) is an HN-model for M' = S 3 \ K' . 

Proof: By assumption (E, g) is an //A-model corresponding to the 
fibration M = S x J/h. As before, let A denote an annulus on E that 
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supports Tl and let B := g(A). We will think of this iJiV-splitting of 
M as the quotient 

H U g (-N) := HU{-N)/{y ~ ig(y), \ y G S}, (6.3) 

where H C N. We consider the complement '■= S 3 \ (K U L) as 
the pre-quotient space 

H \J g i (-N) where g 1 := #| (E \ A) : E \ A — ► E \ S. (6.4) 

Thus we can think of the torus T := AU B as the boundary torus 
of a tubular neighborhood of L. Let a be an arc that is properly 
embedded and essential on A such that it intersects L exactly once 
and let (5 := g(a). Now /x := a U /3 is the meridian of T and A := L is 
the longitude which we will orient so that their algebraic intersection 
number on T, denoted by < A, fj, >, is one. Since Tl is supported in A 
it can be considered as a Dehn twist on T. We have 

72(Ai) = A*-?A = 72(a)U/3, 

where 

f3 = gT^ q (a') and a' := T^(o;). 

(Recall that, in general, if a, 6 are simple closed curves on T, we have 
T a (b) = b+ < a,b > a. Since < A,/i >= 1, we have T^ 1 (/i) = /i + 
A, which explains the change of sign between the power and the 
coefficient of A in T[(fi) in the equations above. 
Now if we set // := a' U /3 we have 

fi' := a' U (3 = fi — qX. 

Let M L (g) denote the 3-manifold obtained from M L := S 3 \ (if U L) 
by ^ Dehn filling on T. From the discussion above, in order to 
obtain M L (q) one needs to attach a solid torus to T in such away 
so that the meridian is attached along the curve /i. It follows that 
HU gT - q (-N) is an f/iV-splitting for M^(g). But since by assumption 
we have M L (q) = S 3 \ K' = M', it follows that (E, gT L q ) is a HN- 
model for M' . □ 

The following will be useful to us later in the section. 
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Lemma 6.11. The homeomorphism t q : N — > N is isotopic in N 
to a level preserving homeomorphism ip : N = S x I — > N = S' x I . 

Proof: Recall the spine G of Convention 1. An element x 6 
TTi(S,p) is represented by a loop on G which also represents an ele- 
ment x' G 7Ti(S",p). The assignment x — ► x', defines an isomorphism 
7Ti(S,p) — ► 7Ti(5",p) which, by Nielsen's theorem ( |ZVCj . Theorem 
5.7.1), is induced by a surface homeomorphism : S — > S'. We extend 
0to^ : Sxl — > S'xlhyilj(x,t) = {(f>(x),t). Now r«V : Sxl — ► Sxl 
induces the identity on ni(S x I,p) and it follows that ip = r~ q up to 
isotopy in N. □ 

Next, we use Assumptions 2 and 3 to construct a second ifiV-model 
for M' = S 3 \ K' . By Assumption 3, S' is a minimum genus Seifert 
surface of K' . Thus M' can be fibered with fiber S'. Since, by As- 
sumption 2, K' is isotopic to K Proposition 14.21 gives an orientation 
preserving homeomorphism fi : S — ► 5", with 

fxhfr 1 = h', (6.5) 

up to isotopy on 5" and such that we have M' = S' x J/h' . Consider the 
HN-mode\ (S,^') corresponding to the fibration M' = S' x J/h', with 
g' defined from hi as in (5.2)-(5.5). Now fx gives rise to an orientation 
preserving homeomorphism f% : S — > S such that f2gf-2 1 = d' U P to 
isotopy on E. Thus we have: 

Lemma 6.12. There is a fibration M' = S' x J/h! with HN -model 
(E, g') and an orientation preserving homeomorphism ji : E — > E 
such that in T(E) we have 

f29f 2 l = g'- (6.6) 

6.4. The strategy of the proof of Theorem 16.31 Having the HN- 
models (H,gT£ q ) and (E,^') of M 1 we proceed as follows: 

1. By assumption, q ^ 0. By Corollary I2.6[ if T^ Q = 1 in T then, 
L is homotopically trivial on E. Then, clearly L bounds a disc in the 
complement of K and the conclusion of Theorem 16.31 follows. Thus, we 
may assume that T[ 9 ^ 1 in T. 
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2. Set g" := gT[ 9 and let Q' and Q denote the ifiV-surfaces of 
M' corresponding to the ifiV-models (E,g") and (E, g'), respectively. 
First, we use the setting developed in §3 and Lemma [5.91 to show that 
g" is conjugate in V to an HN- model map corresponding to a fibration 
of M' with fiber S' (Lemma 16. 15[) . Then, to prove Theorem 16.31 we 
further compare the two models by means of Lemmas 15.81 and 15.91 

Case (A): If Q, Q' satisfy the hypothesis of Lemma T5.91 we obtain an 
orientation preserving homeomorphism H : E — > E such that in T we 
have 

gT- q = HgH- 1 . 

Since we assumed T[ 9 ^ 1, we conclude that H ^ 1 showing that T L q 
can be written as a single commutator in V. 

Case (B): If Q,Q' do not satisfy the hypothesis of Lemma 15.91 we 
show that the corresponding Heegaard splittings of S 3 are equivalent 
in the sense of Lemma 15.8( b) (see Lemma f 6 . 1 6 [) . In this case, we use 
Theorem 12.71 to conclude that g(L) bounds a disc in N (Lemma 16. 171 ) 

In Case (A), Corollary 12 . 41 applies to conclude that L is homotopically 
trivial on E; a contradiction. In Case (B), the disc g(L) bounds in N 
is easily seen to lead to a disc bounded by L in the complement of K 
and Theorem 16.31 follows. 

6.5. Understanding the HN-mode\ (E,g"). In this subsection we 
use the setting and the results of Section 3 to gain a better understand- 
ing of the model (E, g") constructed in Lemma [6. 101 

In the view of Lemma Lemma I3T3"| and the conventions adapted 
earlier, both of K and K' are disc-busting curves for the handlebody 
N. Let A an annulus on E supporting so that the core of A is L 
and the intersection An K consists of two arcs, say ai,a 2 , that are 
parallel in A and each of which intersects L exactly once. We can 
choose a super-complete system of discs, say D, for iV that consists 
of crossing discs for K, K 1 and such that the crossing disc D, fixed in 
§6.2, lies in D. Let x denote the super-complete system of curves on 
E corresponding to D. By assumption, L G x and x is admissible for 
K (see Definition ESD. We set, B := g(A) 7 := g(K), 7' := g(K') 
and z := g(L). By construction, we have g\K = id. Thus, g(K) = K, 
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5fl7 = «i Ua2 and 7 is a disc-busting curve for N. The curve 7' is the 
result of 7 := g(K) = K under a non-trivial power of the right-hand 
Dehn twist along z := g(L) supported on B. Thus we are in the setting 
of Lemma 13.71 which leads to the following: 

Lemma 6.13. One of the following is true: 

(a) The curve g(K') is dis c- busting for N . 

(b) We have \g(L) n L\ — 1 and \g(K') f\L\ = 0. Furthermore, there 
exists a super- complete system of curves, say x' ; that is admissible for 
7 := g(K) = K , it contains L and for every x^ G x' ; with Xi 7^ L, we 
have Xi fl B = 0. 

Proof: We will apply Lemma [3771 for 7 := g(K) = K, 7' := g(K') 
and z := g(L). As explained above, we can find a system of curves 
x C £ that contains L and is admissible for 7. Suppose that 7' is not 
disc-busting in N. Then, there is a super-complete system x' and a 
curve x' G x' with the properties stated in Lemma [3771 (b): Thus, the 
intersection x' fl 7 lies B and we have \x' D z| = 1 and [7' fl x'\ = 0. 
Furthermore, no other curve in x', except for x', intersects B. Since x' 
intersects 7 = K only inside B we have x' fl 7 = x' fl («i U 02); where 
ai 5 2 are the two components of 7 D B. Thus x' is a crossing disc for K 
and we have KHx' = KC\L. From this and the argument in the proof 
of Case 1 of Lemma [3.71 it follows that we can take x' — L. □ 

We will think of the if iV-splitting of M' = S 3 \K f corresponding to 
the model (S, gT[ q ) as the quotient 

M' = HU(-N)/{y ~ igT£ q (y), \ y G S}, (6.7) 

and we will identify the corresponding Heegaard splitting of S* 3 with 
the quotient 

NU{-N)/{y ~ igT-\y), \ y G E}. (6.8) 

Next we show that Case (b) of Lemma 16.131 does not occur in our 
setting. Thus we have: 

Lemma 6.14. Let the notation and the setting be as in the statement 
of Lemma \6.13[ Then, g{K') is disc-busting on N. 
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Proof: Assume, on the contrary, that g{K r ) is not disc-busting for 
N; thus option (b) of 16.131 holds. Then, the pair of curves (L,g(L)) 
defines a stabilization of the Heegaard splitting of (6.2). Thus there 
is a connect sum decomposition iV := N'#V, such that V is a solid 
torus with meridian a := L, and longitude b := g(L) and such that 
the pair (dV,g\dV) is a model for the standard genus one Heegaard 
splitting of S 3 . Let T C dV denote the punctured torus defined by 
the decomposition iV := N'jp/ . Then we have g := g\T — > T, with 
g\dT = id, g(a) = b and g(b) = a. Since \g(K') f)a\ = (Lemma 16. 13[) . 
g(T fl K') consists of properly embedded arcs on T that are disjoint 
from a := gib). Thus TDK' is disjoint from b := <7 -1 (a), which implies 
that \K' fl 6 1 = 0. But this, in turn, implies that the curve b = g(L) 
bounds a compression disc for £ \ K' in N; a contradiction. □ 

Lemma 6.15. There exists a fibration of M' , with fiber S' , and corre- 
sponding HN -model (E, gi), and an orientation preserving homeomor- 
phism f : S — > £ such that in V the following relation holds: 

g" := gT[ q = fgJ-\ (6.9) 

Proof: Recall that we used Q' to denote the ifiV-surface of (6.7). 
By Lemma 16.114 T^ q : £ — > £ is the restriction on dN of a level 
preserving homeomorphism S x I — > S' x I. From this, and the fact 
that the ifiV-surface of H U 5 (-N) is disjoint from a level surface of 
the fibration S x J/h, it follows that Q' is disjoint from a copy of 
S' C int(if) say S[. Let ^2 denote a second copy of S' that lies in a 
neighborhood of S[ in int(ff). Since S[ has minimum genus, we have 
a fibration M' = S[ x J//11, with monodromy hi : 5[ — ► S[ and such 
that 5*2 is a level surface in the fibration. The monodromy givers rise 
to an ifiV-model (£, gi). Now we argue that Lemma 15.91 applies to 
the models (£,#1), (£, g"). To that end, we let R' := M' \ S 2 . By 
construction, conditions (1), (2) of Lemma [5.91 are satisfied. Now Q' 
lifts to a separating surface in R' which bounds a handlebody iV" C R' 
on one side. This handlebody iV" is the lift of the handlebody part of 
the ifiV-splitting of (6.7); let W := R' \ N". Note that R' is also the 
quotient space 

W'U(-N)/{y~ig"(y), I y G £}. (6.10) 
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The boundary dW has two components one of which is E. Since W 
is H cut along the surface S2, dS% and the curve K' C E C <9-£T 
cobound a spanning annulus C W . Since X' C E is disc-busting for 
iV, Ti\ K' is incompressible in W. On the other hand, the fact that 
g(K') is disc-busting for N (lemma [6.141) implies that in R' the curve 
K" := g{K') is disc-busting for the handlebody N" . Thus Lemma [3.51 
applies to obtain F : R' — > R' such that F\dR' = id and F maps the 
-ffiV-surface of (E, gi) to Q' . This shows that condition (3) of Lemma 
15.91 is also satisfied. It follows that there is / as claimed above. To 
finish the proof, note that by construction S[ is a copy of S'. □ 

6.6. Comparison of models. Next, we compare (E, g{) to the model 
(E, (/) given in Lemma [6. 121 By construction, (E, g') is the model of a 
fibration M' = S' x J / hi that M' inherits from the fibration of M fixed 
in §6.2. Let Q denote the H iV-surface of the splitting H U g > (-N); we 
will consider Q embedded in the fibration M' = S' x J / h' as described 
in Remark 15.61 By Lemma [6. 151 (E, gx) also corresponds to a fibration 
M' = S' x J/ hi and g" is conjugate to g\. Hence we consider the HN- 
surface Q' of (6.7), embedded in M' = S f x Jjh\ and disjoint from a 
level surface of that fibration. By Lemma 14.11 there is an orientation 
preserving homeomorphism $ : M' — > M' sending 5"x{— l} = S"x 
{1} of 5" x J /hi to the corresponding fiber of S' x J/h'. Viewing $ as 
homeomorphism H U 9l {—N) — > H Li g i (-N), we have: 

Case 1. $ takes a level surface of S' x J /hi disjoint from Q' to a level 
surface of S' x J/h' disjoint from Q. 

Case 2. $ takes every level surface of S' x J /hi disjoint from Q' to a 
level surface of S' x J/h' that intersects Q. 

Consider the Heegaard splittings of S 3 corresponding to (E,#i) and 
(E, g') as the quotient spaces 

N H U gi (-N) := N H U(-N)/{y ~ z^(y), | y G E} 

(6.11) 

iV^U s ,(-iV) := N H U(-N)/{y ~ ^'(y), | y G E}, 
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where we use Nh to denote the handlebody of the splitting resulting 
from the H-body of the corresponding ifiV-splitting (see §5.2). 

Lemma 6.16. One of the following is true: 

a) There is an orientation preserving homeomorphism h : E — ► E 
so that in T we have 

g' = h gi h-\ (6.12) 

b) There are orientation preserving homeomorphisms F\,F 2 : E — ► 
E that, up to isotopy on E ; extend to N and such that in T we have 

F 1 (t- 1 g^H)F 2 = g l . (6.13) 
Here g 2 '■— g' and i is the involution of Lemma \5. 8\ (b). 

Proof: Suppose we are in Case 1 above. Then, with the conventions 
of Remark 15.61 we may assume that <&(Q') = Q and &{H) = H . With- 
out loss of generality we can assume that $ sends the surface 5" x {|} 
of S' x J/h x to the surface S' x {\} of S' x J/h'. Set S x := S' x {\} and 
R! := M' \ i](Si). Then, $ induces a homeomorphism $ : R' — > R', 
such that Q\dR' leaves dS\ fixed. After changing gi by conjugation 
if necessary, we can assure that <&\dR' = id and conclusion (a) fol- 
lows from Lemma 15.91 Next suppose we are in Case 2 above: First 
we extent $ to S 3 and pass to the corresponding Heegaard splittings 
given in (6.11). In each case we can isotope K' to lie on the Heegaard 
surface as described in §5.2. Then $ gives rise to a homeomorphism 
$ : N H Ug>(-N) — ► N H U gi (-N) with $(N H ) = N and $(JV) = Nh- 
This means that $ satisfies the hypothesis of Lemma 13751 (b) and (6.13) 
follows from (5.9). □ 

Lemma 6.17. If Lemma 1 6. 1 0( b) holds, then g(L) bounds a disc in N. 

Proof: By (6.9) we have g\ = f~ l g"f = f~ x gT~[ q f ■ Combining 
this with (6.13) we have 

F^g-^F^f-'gT^f, (6.14) 

where by (6.6), we have g^ 1 = f2g~ 1 f%- We decompose E into surfaces 
S[ := S' x {1} and S' 2 := {S' x {0}) U {dS' x (0, 1)). Since g and g 2 
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satisfy (5.2)-(5.4), we have g 2 1 \S' 2 = id. Thus (6.14) implies 

gT[ q \S[ = G\S[, (6.15) 

where G\ := fFiF 2 f~ l . By assumption, there is a homeomorphism G 
of the handlebody such that G\ : = G|S up to isotopy on S. Let H : = 
Gi\S' 2 and let H also denote the extension of H to a homeomorphism of 
the handlebody. by product. Using Lemma 3.5 of [W] and an argument 
similar to this in the proof of Lemma l5T9l we see that GH~ l \Y, is isotopic 
to the identity. By this and (6.15) we conclude that up to isotopy on 
£ we have gT[ q = G\ or equivalently g = G\T[. But gT^ q g~ l = T~Ay 
Thus, in the mapping class group of £ we have 

G i = 9T L q = T g{ q L) g = T g q L) G{T q L , 

or equivalently 

/~i rp—q 

Lcil L Lr 1 -J-g( L y 

Since GxT^G^ 1 is the restriction of a homeomorphism of iV to E we 
conclude that so is T~ q L y Thus, by Theorem 12. 7\ since q ^ 0, g(L) 
bounds a disc in N. □ 

6.7. Back on the main road. We are now ready to show the follow- 
ing proposition which is used proof of Theorem 16.31 

Proposition 6.18. With the notation of §6.2, suppose that S and S' 
are minimum genus Seifert surfaces for the fibered knots K and K' , 
respectively. If K is isotopic to K' , then L bounds an embedded disc in 
the complement S 3 \ K. 

Proof: If K is the unknot then S is a disc and N is a 3-ball. Thus L 
lies on a 2-sphere and it is clearly homotopically trivial. Hence, for the 
remaining of this proof, we will assume that K and K' are non-trivial 
fibered knots. Recall the model (£, g) of M := S 3 \ K and the model 
(£,<?') of M' := S 3 \ K' given in Lemma [6.121 By construction, there 
is an orientation preserving homeomorphism f'2 : £ — > S such that in 
the mapping class group we have 

f 2 gf 2 1 = g- (6.16) 

Next we turn to (S, g') and (E, gx) of Lemma [6.161 
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Case 1: Suppose the conclusion of Lemma l6. 161 (b) holds. By Lemma 
I67TTI g(L) bounds a disc D' C N. Now A := DDD', where D is the disc 
bounded by L in N, is a reduction sphere for for (6.2) that intersects 
K at exactly two points and S fl A = L. Pushing A n K in the interior 
of D, D' becomes a disc bounded by L in the complement S 3 \ K. 

Case 2: Suppose the conclusion of Lemma [6. 161 (a) holds: That is we 
have g' = hgxh -1 ] g' and g\ are conjugate in the mapping class group. 
By Lemma T6 . 1 5 1 1 here exists an orientation preserving homeomorphism 
/ : E — ► E such that 

f9 , r 1 = 9":=gT^ (6.17) 

By (6. 16), (6. 17) we have 

h- 1 f- 1 gT L g fh = g' = f 2 gf 2 ~ 1 (6.18) 

in T. This last relation, in turn, gives 

T~ L q = g-'fhhgf^h- 1 /- 1 = [g-\ H] (6.19) 

where H := fhfi is also in T. Suppose that L is not homotopically 
trivial on dN; since otherwise there is nothing to prove. Then, since 
we assumed q ^ 0, by Corollary 12.61 T^ q ^ 1. It follows that H ^ 1 in 
T. Since K was assumed to be a non-trivial knot its genus is at least 
one. Hence, the genus of E is at least two. Now Corollary 12.41 applies 
to conclude that L is homotopically trivial on dN, contradicting our 
earlier assumption. □ 

Finally, we are ready to complete the proof of Theorem 16.31 The 
two principal ingredients of the proof are a result of Gabai ( |Gaj ) and 
Proposition 16.181 

6.8. Proof of Theorem 16.31 Let K, K' be fibered isotopic knots, such 
that K' is obtained from K by a generalized crossing change supported 
on a crossing circle L. Let D be a crossing disc with L := dD. Let S 
be a Seifert surface of K that is of minimum genus in the complement 
of L, isotoped so that S fl D is an arc properly embedded on S. Let S 
and S' denote the Seifert surfaces for K and K', respectively, obtained 
from S. Since K and K' are isotopic, by Corollary 2.4 of [Gaj . S 
and S' are minimum genus Seifert surfaces. By Proposition 16.181 L 
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bounds an embedded disc D' in S 3 \ K and thus the crossing change is 
nugatory. □ 

7. Adjacency to fibered knots 
We begin by recalling from [KLj the following definition. 

Definition 7.1. Let K , K' be knots. We will say that K is n-adjacent 
to K' , for some n G N, if K admits a projection containing n gener- 
alized crossings such that changing any < m < n of them yields a 
projection of K' . 

The notion of knot adjacency was studied in |KL| where we showed 
the following: Given knots K and K' there exists a constant c = 
c(K, K') such that if K is n-adjacent to K' then either n < c or K 
is isotopic to K'. The constant c was shown to encode information 
about the relative size of the knot genera g(K), g{K') and the toroidal 
decompositions of the knot complements. Here, using Theorem 16. 3[ 
we will show that if K' is assumed to be fibered, then we can have a 
much stronger result. As already mentioned in the Introduction, this 
stronger result leads to criteria for detecting non-fibered knots when 
the Alexander polynomial gives inconclusive evidence ( [KLlj ) . We now 
state the main result of this section, which in particular implies Theo- 
rem 11.21 stated in the Introduction. 

Theorem 7.2. Suppose that K' is a fibered knot and that K is a knot 
such that K is n-adjacent to K' , for some n > 1. Then, either K is 
isotopic to K' or we have g(K) > g(K'). 

Remark 7.3. It is not hard to see that if K is n-adjacent to K', for 
some n > 1, then K is m-adjacent to K', for all < m < n. 

Suppose that K is n-adjacent to K' and let L be a collection of n 
crossing circles supporting the set of generalized crossings that exhibit 
K as n-adjacent to K'. Since the linking number of K and every 
component of L is zero, K bounds a Seifert surface S in the complement 
of L. Define 

gn(K) '■= m in { genus(S) | S a Seifert surface of K as above }. 
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We recall the following. 

Theorem 7.4. [Theorem 3.1, [KLj ] We have 

gZ(K)=mBx{g(K),g(K')} 
where g{K) and g(K') denotes the genera of K and K' , respectively. 

We now use Theorems 17.41 and 16.31 to prove Theorem 17. 21 

Proof: [Proof of Theorem 17. 2j Let K' be a fibered knot. In the 
view of Remark 17.31 it is enough to prove that if A' is a knot that is 2- 
adjacent to K' then either K is isotopic to K' or we have g{K) > g{K'). 
To that end, suppose that K is exhibited as 2-adjacent to K' by a two 
component crossing link L := L\ U L 2 . Let D\, D 2 be crossing discs for 
Li,L 2 , respectively. Suppose, moreover, that g(K) < g{K'); otherwise 
there is nothing to prove. Let S be a Seifert surface for K that is of 
minimal genus among all surfaces bounded by K in the complement 
of L. As explained earlier in the paper, we can isotope S so that, for 
i — 1,2, S (1 int(-Dj) is an arc, say 014 that is properly embedded in S. 
For % = 1, 2, let Aj (resp. Si) denote the knot (resp. the Seifert surface) 
obtained from K (resp. S) by changing Cj. Also let K 3 denote the knot 
obtained by changing C% and Ci simultaneously and let S3 denote the 
corresponding surface. By assumption, for i = 1,2,3, Ki is isotopic to 
K' and Si is a Seifert surface for Ki. Since g{K) < g(K'), Theorem 17.41 
implies that Si is a minimum genus surface for Ki. Observe that A3 
is obtained from K\ by changing C2 and that they are fibered isotopic 
knots. Furthermore, S3 is obtained from S\ by twisting along the arc 
a 2 C S. By Theorem 16. 3[ L 2 bounds an embedded disc A 2 in the 
complement of K\. Since S3 is incompressible, after an isotopy, we can 
assume that A fl S3 = 0. Now let us consider the 2-sphere 

S 2 :=AUD 2 . 

By assumption S 2 fl S 3 consists of the arc a 2 C S3. Since a\ and ot 2 are 
disjoint, the arc a± is disjoint from S* 2 . But since K is obtained from 
Ki by twisting along a 1; the circle L 2 still bounds an embedded disc 
in the complement of K. Hence, K is isotopic to K'. □ 
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Remark 7.5. The trefoil knot is 2-adjacent to the unknot. Since the 
trefoil is a fibered knot Theorem 17.21 implies that the unknot is not 2- 
adjacent to the trefoil. Thus n-adjacency is not an equivalence relation 
on the set of knots. 

8. Remarks and discussion 

Here we give some examples that illustrate the key points in the 
proof of Theorem 16.31 and point out some difficulties in generalizing 
the argument to treat multiple crossings. 

8.1. Composite knots. The proof of Proposition 16.181 has two cases: 
In Case 1 the conclusion is that the loop L bounds discs on both sides 
of the Heegaard surface it lies on, but need not bound a disc on the 
surface itself. The proof relies on the fact that g',gi satisfy (6.13) and 
appeals to Lemma [6.171 

Example 8.1. Consider a connect sum K := Ki#K 2 , where K\, K 2 
are fibered knots with A a 2-sphere realizing the connect sum decom- 
position. We have a fibration M — S 3 \ K = S x J/h, where S is 
the connect sum of surfaces Si and £2 for Ki,K 2 , respectively. After 
an isotopy of S 3 , fixing K, we can assume that A intersects S in a 
simple properly embedded arc A. Let (E, g) an HN-mode\ correspond- 
ing to the fibration and consider the corresponding Heegaard splitting 
S 3 = N U g (-N) so that L := A fl E is a crossing circle of K. Up to 
isotopy on E we can take g(L) = L. Let D, D' denote the components 
of A \ L. We make a crossing change of order q along L, by twisting 
along D; let K' denote K after this twist. The model provided by the 
twisting operation along D (as in Lemma l6.10p is (E,gT^ q ). Let S' 
the surface of K' resulting from S after the twist. (S,g) gives rise to 
a second if A^-model for M' := S 3 \ K', via the operation of flipping a 
band of S around a 2-handle of the Heegaard splitting, g-times (belt 
trick). We have 

^VM^^VW) = ^^(i-^i) = 9^% = T L q g 
where i : N — > N is an orientation reversing involution and the last 
equation is due to the fact that g(L) = L. Since g(L) bounds a disc in 
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N, i 1 T g ^i extends to an orientation preserving homeomorphism of 
N. Thus the equation above is one of the sort given by (6.13). 

8.2. Multiple crossing changes. In Case 2 of the proof Proposition 
!6.18l one concludes that the loop L bounds a disc on the surface S. The 
crucial step here is the application of Corollary 12.41 which is facilitated 
by Lemma 16.16( a). Since Kotschick's result is not true in the case 
of twists with mixed signs, this part of the argument breaks down in 
an attempt to generalize the statement of Proposition 16.181 to multiple 
crossing changes. But as the following example shows the result is , in 
fact, not true! 

Example 8.2. Let K denote the figure eight knot as boundary of a 
genus one Seifert surface S obtained by Hopf pluming two once twisted 
bands Bl and Br. Consider Dx, D 2 crossing discs of K such that 
Di fl B L (resp. D 2 H B R ) is an essential arc cutting B L (resp. B R ) into 
a square. One can perform opposite sign twists of order four along Dx, 
D 2 to transform S to 5" where in S' the Hopf band Bl becomes the 
Hopf band Br and vice versa. The knot K' := dS' is isotopic to K. 
Moreover, S and S' are clearly minimum genus Seifert surfaces for K 
and K' , respectively. However, neither of L\ := dD\ or L 2 : = dD 2 is 
contractible on the boundary dN(S) of a neighborhood of S\ 

8.3. Where the method fails for multiple crossings. One possible 
place is that of Case 2 in the proof of Proposition ^. 18t If the argument 
in there is applied to Example I8.2[ one obtains that a product of Dehn 
twists T^Tr 2 is isotopic on <9iV(£) to a simple commutator. But as 
Example 12.51 shows this is always possible! 

We should point out that there is at least one obstacle in generalizing 
Theorem 16.31 even in the case of multiple crossing changes of the same 
sign. For, Gabai's result provides no information in the presence of 
multiple crossing changes. Thus, even with a version of Proposition 
16.181 at hand, one would not be able to generalize Theorem 16.31 in the 
setting of multiple crossings, using the approach of this paper. 
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